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ules with involution context, in the sense explained below.
© 2012 Elsevier Inc. All rights reserved.
It is well known that every Hilbert C∗-module E has a faithful representation as a concrete subspace
of all bounded operators B(H, K) between Hilbert spaces H, K . Therefore, the restriction of the adjoint
map to E induces a natural involution ∗ from E into another space.
It seems natural to ask under what conditions existence of an involution on a Banach module E
implies that E is a Hilbert C∗-module. Of course, there exists a similar algebraic version of this question
in the Banach algebra category.
In fact, an interesting result obtained by Kakutani andMackey states that the existence of an invo-
lution on B(X), the space of all bounded operators on a Banach space X , with the additional property
TT∗ = 0, for all rank one operators T ∈ B(X), implies that there exists an inner product on X such that
the corresponding norm is equivalent to the original norm on X and so B(X) is a C∗-algebra [4]. This
result also holds if we replace B(X) by a standard operator algebra [6,7].
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Recall that a standard operator algebra is any closed subalgebra of B(X) which contains F(X), the
space of all finite rank operators on X .
In this paper, we show that if E is a Banach module on a standard operator algebra A, then the
existence of an involution on E implies thatA has a C∗-algebra structure and E is a Hilbert C∗-module.
The motivating concrete example is the right Banach B(H)-module B(K,H), where H and K are
Hilbert spaces and involution ∗ from B(K,H) into B(H, K) is the adjoint map.
Therefore, in the following definition the involution is required to be defined from a right Banach
module into a left Banach module.
Definition 1. Let A be a Banach algebra, E a right Banach A-module, and F a left Banach A-module.
Assume that there exist a non-degenerate bounded bilinear map [·, ·] from F × E to A and a bi-
jective conjugate linear map ∗ : E → F whose inverse is denoted by ∗, too. We call the system
(A, E, F, [·, ·], ∗) an involution context for A if the following conditions are satisfied for all e, e1, e2 ∈
E, f ∈ F, a, b ∈ A.:
(i) the bilinear map [·, ·] is an A-bimodule map; i.e., [af , eb] = a[f , e]b
(ii) (e1[f , e2])∗ = [e∗2, f ∗]e∗1
(iii) e[e∗, e] = 0 implies that e = 0.
An involution context is said to be full if [F, E], the linear span of {[f , e] : f ∈ F, e ∈ E}, is
dense in A.
Lemma 2. Let the system (A, E, F, [·, ·], ∗) be an involution context andA0 = [F, E] equipped with the
reduced norm from A. Also, assume that the equality A0a = {0} (aA0 = {0}) implies a = 0, for every
a ∈ A0. Then
(a) The module actions are non-degenerate, i.e.,
if e ∈ E(f ∈ F) and e · a = 0 (a · f ) = 0, for all a ∈ A0, then e = 0(f = 0).
(b) If a ∈ A0 and e · a = 0 (a · f = 0), for all e ∈ E (f ∈ F), then a = 0.
(c) A0 is a ∗-algebra, by letting [f , e]. = [e∗, f ∗] for all e ∈ E, f ∈ F. Moreover, for all a ∈ A0, the
equality aa. = 0 implies that a = 0.
(d) If the above involution onA0 is continuous, then the module involutions ∗ : E → F and ∗ : F → E
are continuous, too.
(e) If A0 is a semi-simple Banach algebra or a standard operator algebra, then the above involution on
A0 and the module involutions are continuous.
Proof. We only prove the second part of (c) and (d), because the other parts can be proved easily.
(c) Let a ∈ A0 and aa. = 0, then we have (ea)[(ea)∗, ea] = 0, for all e ∈ E. Now, condition (ii) of
the above definition implies that ea = 0, for all e ∈ E. Therefore, a = 0 by (b).
(d) Let en → 0 in E and e∗n → f in F . Then, the continuity of. and [·, ·] implies that there exists a
real number k, such that for all e ∈ E,
‖[e∗n, e]‖ = ‖[en, e∗].‖  k‖en‖‖e∗‖.
This gives [f , e] = 0, for all e ∈ E, and so f = 0, by the non-degeneracy of the bilinear map [·, ·].
Therefore, ∗ (and so its inverse) is continuous, by the closed graph theorem for Banach spaces. 
For example, the system (B(H), B(H, K), B(K,H), [·, ·], ∗) is an involution context, where H and
K are Hilbert spaces, [·, ·] is the composition of operators, and ∗ is the conjugation relative to inner
products.
In fact, ifA is a C∗-algebra and E a right Hilbert C∗-module equipped withA-valued inner product
〈·, ·〉, then the system (A, E,̂E, [·, ·], ∗) is an involution context, where ̂E = {̂x : x ∈ E} becomes
a left A-module if the module action on ̂E is given by a · x̂ = ̂xa∗ for all a ∈ A, x ∈ E, and also
[̂x, y] = x̂(y)(= 〈x, y〉) and x∗ = x̂ for all x, y ∈ E.
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Main Theorem 3. LetA be a standard operator algebra on some Banach space X and the system (A, E, F,
[·, ·], ∗) be a full involution context with the additional property: (iv) σ([e∗, e]) ⊆ [0,∞), for all
e ∈ E.
Then there exist an inner product on X and a Hilbert space Y such that we can consider E and F as A-
submodules of B(X, Y) and B(Y, X), respectively, and correspondingly, [·, ·] is the same as the composition
of operators and ∗ is the adjoint relative to inner products.
Also, the norms reduced on E and F by the operator norms are equivalent to the original norms on E and
F, respectively, if and only if for some real number k: (v) ‖e‖2  k‖[e∗, e]‖, for all e ∈ E.
Proof. First, we define an involution. onA0 = [F, E] by letting [f , e]. = [e∗, f ∗] for all e ∈ E, f ∈ F .
By (c) of the previous lemma, A0 is a ∗-algebra such that for all a ∈ A0, the equality aa. = 0 implies
a = 0.
Furthermore, A0 is a nonzero ideal in A and so contains F(X). Therefore, there exists an inner
product on X such that. onA0 is the adjoint relative to this inner product on X [4]. Since the closure
of A0 is A, then A is a ∗-algebra.
We can consider X as a left A-module and let Y = E ⊗A X be the Hilbert space associated with
E ⊗A X , the algebraic tensor product of E and X , i.e., the completion of the pre-Hilbert space obtained
from dividing E ⊗A X by the null-space N of the following semi-inner product:
〈e1 ⊗ x, e2 ⊗ y〉 = 〈x, [e∗1, e2]y〉 (for all e1, e2 ∈ E, x, y ∈ X).
Now, we can identify E as a concrete A-submodule of B(X, Y) by the injective A-module map
 : E → B(X, Y), e → e, where e(x) = e ⊗ x + N for all e ∈ E, x ∈ X .
Moreover, we can identify F as a concrete left A-submodule of B(Y, X) by the injective map  :
F → B(Y, X), f → f , where f (e ⊗ x + N ) = [f , e]x for all f ∈ F, e ∈ E, x ∈ X .
Also, we have 〈e1(x1), e2 ⊗ x2 + N 〉 = 〈x1, ∗e1(e2 ⊗ x2 + N )〉 and so
〈x1, [e∗1, e2]x2〉 = 〈x1, ∗e1(e2 ⊗ x2 + N )〉, for all x1, x2 ∈ X, e1, e2 ∈ E.
Therefore, [e∗1, e2]x2 = ∗e1(e2 ⊗ x2 + N ), for all x2 ∈ X, e1, e2 ∈ E.
Then we have e∗ = ∗e , for all e ∈ E, i.e., ∗ is the adjoint relative to inner products. Consequently,
f = ∗f ∗ , for all f ∈ F . Also, it is clear that fe = [f , e] for all f ∈ F, e ∈ E, that is, [·, ·] is the
same as the composition of operators.
Finally, we have
‖e‖2op = sup‖x‖1 ‖e(x)‖
2 = sup
‖x‖1
‖e ⊗ x + N‖2 = sup
‖x‖1
|〈x, [e∗, e]x〉| = ‖[e∗, e]‖op
where ‖ · ‖op is the operator norm relative to the reduced norms of the inner products on X and Y ,
which is equivalent to the original operator norm.
Since [·, ·] and ∗ are bounded, then condition (v) implies that the norm reduced on E (F), by the
injective map  (), is equivalent to the original norm on E (F). 
Corollary 4. Consider the system (A, E, F, [·, ·], ∗) as defined in the above theorem, with the above
additional properties (iv), (v). Then A has a C∗-algebra structure and E, equipped with the A-valued inner
product 〈·, ·〉 : E×E → A given by 〈e1, e2〉 = [e∗1, e2], will be a right HilbertA-module. Also, F equipped
with the A-valued inner product (·, ·) : F × F → A given by (f1, f2) = [f1, f ∗2 ] will be a left Hilbert
A-module. Moreover, the norms reduced on E and F by theseA-valued inner products are equivalent to the
original norms on E and F, respectively. Furthermore, F can be identified witĥE bymodule mapψ : F → ̂E
given by ψ(f ) = ̂f ∗ for all f ∈ F.
Especially, whenever E = F , that is, E is an A-bimodule, we have the following result:
Corollary 5. Let A be a standard operator algebra on some Banach space X and the system (A, E, E,
[·, ·], ∗) be a full involution context satisfying the additional properties (iv), (v). Then A has a C∗-algebra
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structure and E, together with the A-bilinear map [·, ·] and the involutive map ∗ : E → E, is a Hilbert
∗-bimodule over A, in the sense of Weaver [8].
Wegive anexample forwhich condition (v) of theMainTheorem isnot valid, however the statement
of it remains true. Additionally, we extend the example to the context of suitable Hilbert C∗-modules
as representation spaces replacing A = C by A = KC(l2).
Example 6. Let A be either the C∗-algebra KC(l2) of all compact operators on a given separable
Hilbert space l2 or the C
∗-algebra C of complex numbers. Take the exterior tensor product A ⊗ l2
of A considered as a Hilbert A-module over itself and of the Hilbert space l2 which becomes a right
Hilbert A⊗ C-module, i.e a Hilbert A-module. General theory of exterior tensor products of Hilbert
C∗-modules gives identifications of operator C∗-algebrasKA(A⊗ l2) = KA(A)⊗KC(l2) = A⊗KC(l2),
and BA(A ⊗ l2) = A ⊗min BC(l2), cf. [5]. Resorting to Hilbert-Schmidt operators on A ⊗ l2 which
can be described as E = A⊗ HS(l2) one obtains another right HilbertA-module E which is complete
with respect to the A-valued inner product 〈., .〉 := 〈., .〉A ⊗ tr(〈., .〉C). Note, that E is incomplete
with respect to the operator norm in A ⊗min BC(l2) or in the C∗-subalgebra A ⊗ KC(l2). However,
(A, E, E, [., .], ∗)with [., .] := 〈e∗, f 〉, e, f ∈ E, andwith ∗ denoting the involution of linear operators
relative to the standard A-valued inner product on the Hilbert A-module A ⊗ l2, is a full involution
context. Note, that the norm on E derived from the Hilbert-Schmidt norm equals to the operator norm
on BA(A, E).
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